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Abstract

Chaotic iteration sequences is a method for approximating fixpoints
of monotonic functions proposed by Patrick and Radhia Cousot. It
may be used in specialisation algorithms for Prolog programs and in
abstract interpretation when only parts of a fixpoint result is needed
to perform program optimisations. In the first part of this paper we
reexamine the definition of chaotic iteration sequences and show how
a number of other methods to compute fixpoints may be formulated
in this framework. In the second part we extend the technique to
higher-order functions.

The method of expressing solutions to problems in a recursive style has
a long history in Computer Science. Often a solution algorithm may use
itself on a subproblem and an implementation may be based on recursion.
At times it is more natural to express the solution as a fixpoint equation in
which well-definedness is only guaranteed using a fixpoint theorem. This is
common in abstract interpretation, data flow analysis, “first” and “follow”
computation, etc.

In strictness analysis [11] we may construct functions over the domain
2 = {0, 1} with 0 ≤ 1. If we want to evaluate the function

f ](x, y, z) = (y ∧ z) ∨ f ](z, x, f ](y, 1, 1))

for certain arguments, we will in general need to evaluate the function for all
possible arguments and recompute until stability. It is, however, often only
necessary to recompute the function for some of the possible arguments.
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By restricting the iteration to a smaller set of arguments, we may greatly
simplify the computational task of evaluating the function. In this paper
we consider such recursively defined functions for which recursion is not
sufficient in the implementation.

1 Language

As a start we will consider a simple language consisting of one recursively
defined function over a complete partially ordered set D. Programs p in this
language will have the form

p : letfix f(x1, . . . , xk) = ef in e

where the expressions ef and e are built from parameters, constants, basic
operations, and function calls.

e : xi
| ci
| opi(e1, . . . , ek)

| f(e1, . . . , ek)

We may specify the semantics of this language using the functions M and
E.

M[[letfix f(x1, . . . , xk) = ef in e]] : D

E[[e]] : (Dk → D)→ Dk → D

with

M[[letfix f(x1, . . . , xk) = ef in e]] = E[[e]](fix E[[ef ]])⊥Dk
E[[xi]]φρ = seli(ρ)

E[[ci]]φρ = ci

E[[opi(e1, . . . , ek)]]φρ = op
i
(E[[e1]]φρ, . . . ,E[[ek]]φρ)

E[[f(e1, . . . , ek)]]φρ = φ(E[[e1]]φρ, . . . ,E[[ek]]φρ)

for constants ci ∈ D and standard operations op
i
∈ Dk → D. The function

seli selects the ith element in the tuple given as argument and “fix” finds
the least fixpoint of its argument. To guarantee the well-definedness of this
definition we must require that the function E[[ef ]] is continuous. This can be
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done by only using continuous standard operations op
i
. It is, however, not

necessary for all subexpressions of ef to be continuous. Only the argument
to “fix” needs to be continuous. In some applications (eg. data flow analysis)
it is often natural locally to use non-monotonic operations while the fixpoint
is found for a continuous function.

2 Fixpoint iteration

Consider the expression

letfix f(x1, . . . , xk) = ef in f(v1, . . . , vk)

with constants vi ∈ D and expression ef . The value of this expression is
defined as

fix(E[[ef ]])〈v1, . . . , vk〉 =
(⊔

i(E[[ef ]])iλρ.⊥D
)
〈v1, . . . , vk〉

Our aim is to find an approximation to fix(E[[ef ]]) which has the correct
value for 〈v1, . . . , vk〉.

2.1 Argument needs

If we want to evaluate the expression letfix f(x1, . . . , xk) = ef in
f(v1, . . . , vk) we do not necessarily need to compute the fixpoint of f for
all arguments in Dk. Only arguments which may be reached from the call
f(v1, . . . , vk) can influence the result. We may formalise the notion of reach-
ability as follows.

We define the function A[[e]] to return the set of argument tuples in calls
to the function f that will occur when evaluating the expression e

A[[e]] : (Dk → D)→ Dk → P(Dk)

A[[xi]]φρ = ∅
A[[ci]]φρ = ∅
A[[opi(e1, . . . , ek)]]φρ = A[[e1]]φρ ∪ · · · ∪ A[[ek]]φρ

A[[f(e1, . . . , ek)]]φρ = {〈E[[e1]]φρ, . . . ,E[[ek]]φρ〉} ∪ A[[e1]]φρ ∪ · · · ∪ A[[ek]]φρ

It is worth noting that the function A[[e]] is not necessarily continuous in
any of its arguments. This is because we have used a power set construction
P(Dk) rather than a power domain and thereby forgetting the structure of
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D. Continuity is, however, only important when we compute a fixpoint and
in this case we may achieve continuity in a different way. Instead we define
the function A as follows

A[[e]]φS0 = fix(λS.S0 ∪
⋃
ρ∈S A[[e]]φρ)

In the expression

letfix f(x1, . . . , xk) = ef in f(v1, . . . , vk)

the immediate argument need is ρ0 = 〈v1, . . . , vk〉. The indirect needs are
A[[ef ]]φ{ρ0}. This definition depends on the function environment φ. The
next step will be to show how argument needs may be used to simplify the
fixpoint iteration.

2.2 Iteration sequence

For the expression

letfix f(x1, . . . , xk) = ef in f(v1, . . . , vk)

define the function

FV (φ) = λρ. if ρ ∈ V then E[[ef ]]φρ else φ(ρ)

which computes a better approximation to φ for arguments ρ ∈ V ⊆ Dk.
An iteration sequence is a sequence of function denotations φ0, φ1, . . . and
sets V i ⊆ D such that

φ0 = λρ.⊥D
φi+1 = FV i(φi)

An iteration sequence is then completely determined by the sets V i. The
natural aim of fixpoint iteration is to keep these sets as small as possible
while securing that the sequence of function denotations stabilise quickly
with the correct value for f(v1, . . . , vk).

2.3 Simple fixpoint iteration

A simple approach to fixpoint iteration is to define the sets V i in an iteration
sequence as follows:

V 0 = {〈v1, . . . , vk〉}
V i+1 = V i ∪

⋃
ρ∈V i A[[ef ]]φi+1ρ
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The claim now is that if the sequence of sets (V i) with function denotations
(φi) stabilise after s iterations then

φs〈v1, . . . , vk〉 = fix E[[ef ]]〈v1, . . . , vk〉
The correctness of this claim is a special case of the correctness of chaotic
fixpoint iteration discussed later.

2.3.1 Termination.

We may notice that (φi) and (V i) form an increasing sequences of values.

φi v φi+1 v fix E[[ef ]]

V i ⊆ V i+1 ⊆ Dk

This means that we know they will stabilise if D is finite. Termination
may, however, also be achieved when D is infinite or has infinite height
if restrictions are placed on the expression E. The use of widening [2] in
abstract interpretation is an example of this. See also [13] and [6] for a
discussion of methods to guarantee termination.

2.4 Spurious calls

With a stabilised iteration sequence we may note that the set

V s −A[[ef ]]φsV 0

is not necessarily empty. Arguments in this set are needed in the approx-
imations to the fixpoint but are no longer needed when the sequence is
stable. Gallagher and Bruynooghe [5] call such calls “spurious” and propose
a method to remove some but not all them. The result of the simple iter-
ation sequence with spurious calls is called the partial function graph in [5]
and [16].

2.4.1 Example.

Consider the function F defined as a fixpoint in the domain of functions
over P({"a", "b", "c"}) ordered with subset inclusion.

letfix F (D) = F (F (F (D ∪ {"a"}) ∪ {"b"}) ∪ {"c"}) ∪D in F ({"a"})
To compute F ({"a"}) we only need to evaluate F ({"a"}) and
F ({"a", "b", "c"}). In the iteration we will, however, also need to evalu-
ate the function for some subsets of {"a", "b", "c"}. The simple iteration
method will find all non-empty subsets of {"a", "b", "c"} as needed.
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2.4.2 Example.

Although spurious calls do not appear for strict functions on flat domains (as
in minimal function graph semantics [9]) they may appear for the two-point
strictness domain. Consider the function

f ](x, y, z) = f ](0, z, f ](x, z, y)) ∨ (y ∧ z)

and the call f ](0, 1, 1). In the fixpoint only this call is needed although in
the iteration also f ](0, 1, 0) will be evaluated.

2.4.3 Alternative.

The iteration method proposed by Gallagher and Bruynooghe [5] uses the
following sequence:

φi+1 = FLC(V i)(φi)

V i+1 = V 0 ∪
⋃
ρ∈V i A[[ef ]]φi+1ρ

where LC(V i) is the lower closure of V i. The use of the lower closure cor-
responds to using a Hoare power domain rather than a power set in the
definition of A. This strategy may be applied when D is finite but it may
be impractical if the domain has finite height but infinite depth. The limit
of the sequence (LC(V i)) will in general be larger than A[[ef ]](fix E[[ef ]])V 0.

3 Chaotic fixpoint iteration

Our aim is to find an approximation to fix(E[[ef ]]) which has the correct value
for ρ0 = 〈v1, . . . , vk〉. We may observe that an approximation only needs to
have the correct values for arguments in A[[ef ]]φ{ρ0} to be a fixpoint. If we
take the result of the simple iteration method with stable values φs and V s

then W = A[[ef ]]φs{ρ0} will make

λρ. if ρ ∈W then φs(ρ) else ⊥D

the least solution to the equation φ = FW (φ). This observation is central in
the definition of chaotic iteration sequences.

We will here use a modified definition of chaotic iteration sequences
compared to the original definition by Cousot [3]. The main difference is
that forward dependencies in the sequence are removed so as to make it
directly applicable in an algorithm.
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3.1 Chaotic iteration sequences

A chaotic iteration sequence1 is a sequence of sets (V i) and function deno-
tations (φi) which satisfy:

φi+1 = FV i(φi)

∃m.∀i.∃` ∈ [1,m]. ρ0 ∈ V i+` ∧ A[[ef ]]φi+`{ρ0} ⊆
⋃m
j=1 V

i+`+j

This is a condition on an iteration sequence and unlike the simple iteration
strategy, there may be many ways to construct such a sequence. With ρ0

as the initial call, the intuition is that ρ0 must appear repeatedly in the
sequence of V s and that any direct or indirect needs from ρ0 also must
appear regularly in the sequence.

Again the claim is that if the sequence of (V i) and (φi) stabilises then
we have a correct value for ρ0. For details consult [3]; we will here examine
some special cases of this fixpoint iteration method.

3.1.1 Example.

A simple algorithm arise if we require m to be 1. We may then use the
following sequence.

φi+1 = FV i(φi)

V i+1 = A[[ef ]]φi+1V 0

Although A[[ef ]] is defined as a fixpoint, it may, being distributive, be com-
puted using a simple depth-first strategy without iteration. If the sequence
of (V i) and (φi) stabilises after s iterations, we have

φs = FV s(φs)

V s = A[[ef ]]φsV 0 = A[[ef ]]φsV s

3.2 Correctness

We will here consider the correctness of the special case of the iteration
sequence

φs = FV s(φs)

V s = A[[ef ]]φsV 0 = A[[ef ]]φsV s

The sequences is started with a set V 0 of initial calls.
1The definition in [3] with our notation is ∃m ∀ρ ∈ V 0 ∀i ≥ 0 ∃` ∈ [1,m] ρ ∈

V i+` ∧ A[[ef ]]φi+`{ρ} ⊆
⋃`+1
p=0 V

i+p
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3.2.1 Termination.

The sequence (V i) will not in general form an increasing sequence. Never-
theless, if D is finite we know that the sequence will stabilise. The sequence
(φi) form an increasing sequence and although A[[ef ]] is not monotonic in its
second last argument it is monotonic in its last argument. This means that
if (φi) stabilises then (V i) will form an increasing sequence. Now, assume
that φi = φi+1, we then have that

V i+1 = A[[ef ]]φiV 0 = A[[ef ]]φi+1V 0 = V i+2

If V i = V i+1 then V i = A[[ef ]]φiV 0 and for all ρ ∈ V i we have E[[ef ]]φiρ =
E[[ef ]]φi+1ρ so that φi+1 = φi+2. This shows that two consecutive identical
V and φ values or three consecutive identical φ values guarantee stability.
That two consecutive identical φ values does not guarantee stability is often
referred to as the plateau problem of fixpoint iteration.

3.2.2 Theorem 1.

For the stabilised values V s and φs of (V i) and (φi) we have

ρ ∈ V 0 ⇒ φsiρ = (fix E[[ef ]])ρ

3.2.3 Proof.

See [3] or [4].

3.2.4 Theorem 2.

For function environment φ and set of calls V we have

A[[ef ]]rA[[ef ]]φV φV = A[[ef ]]φV

where rV φ is the restriction of the function environment φ to the values in
V .

rV φ = 〈λρ. if 〈1, ρ〉 ∈ V then φ(ρ) else ⊥B, . . .〉
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3.2.5 Proof.

The function A computes the immediate needs in an expression. This may
also be stated as

E[[e]]rA[[e]]φρφρ = E[[e]]φρ

This may be proved by structural induction over expressions. The theorem
then follows by induction over the recursion depth.

3.2.6 Theorem 3.

For the stabilised values V s and φs of (V i) and (φi) we have

rV sφ
s = rV s fix E[[ef ]]

3.2.7 Proof.

For the stable value φs we have φs = FV s(φs). This implies that
rV s(E[[ef ]]φs) = rV sφ

s and that rV s(tiE[[ef ]]iφs) = rV sφ
s. Now tiE[[ef ]]iφs w

fix E[[ef ]] so that rV sφs w rV s(fix E[[ef ]]). On the other hand, it follows easily
that φs v fix E[[ef ]].

3.2.8 Theorem 4.

For the stabilised values V s and φs of (V i) and (φi) we have

A[[ef ]]φsV 0 = A[[ef ]](fix E[[ef ]])V 0

3.2.9 Proof.

For the stable value V s we have that V s = A[[ef ]]φsV 0. Using theorem 2
with φ = E[[ef ]] and V = V s gives

A[[ef ]]rV s(fix E[[ef ]])V 0 = A[[ef ]](fix E[[ef ]])V 0

Theorem 3 implies that

A[[ef ]](rV sφs)V 0 = A[[ef ]](fix E[[ef ]])V 0

Using theorem 2 again with φ = φs gives us

A[[ef ]]rV sφsV 0 = A[[ef ]]φsV 0
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3.2.10 Comment.

It should be noted that for arbitrary chaotic iteration sequences [3] we
only have that rV sφ

s v rV s(fix E[[ef ]]) since such sequences may com-
pute an upper bound to the needs. We are, however, guaranteed that
rV 0φs = rV 0(fix E[[ef ]]).

3.2.11 Minimal needs.

Theorem 2 only tells us that the needs computed by A[[ef ]] are sufficient
to compute the fixpoint. A definition of the set of necessary needs for a
first-order eager functional language can be found in [12]. That definition is
not directly applicable to this situation, and, furthermore, seems not to be
useful for fixpoint iteration as the result of the iteration is needed to find
the needs that where not necessary.

3.3 Fixpoint algorithm

We may construct a chaotic iteration sequence efficiently using the following
algorithm.

given V 0

φ = λρ.⊥
repeat

S = V 0 {calls,which should be analysed}
V = ∅ {calls,which has been analysed}
for ρ ∈ S

V = V + {ρ}
S = S + A[[ef ]]φρ− V
φ = φ[ρ 7→ E[[ef ]]φρ]

end

until V and φ stable

An interesting property of this iteration strategy is that it will compute the
correct fixpoint from possibly wrong (or imprecise) intermediate results. We
know, however, that we approximate the solution from below so if we find
a fixpoint, it will be the least.
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In the algorithm we may use that the evaluations A[[ef ]]φρ and E[[ef ]]φρ
can be done at the same time. The algorithm may be further optimised by
using a depth-first strategy when collecting needed calls.

3.3.1 Applications.

The obvious application of the algorithm is to compute parts of a fixpoint,
as in

(fix E[[ef ]])〈v1, . . . , vk〉

It may, however, also be used to compute the indirectly needed calls

A[[ef ]](fix E[[ef ]]){〈v1, . . . , vk〉}

This is eg. used in multiple specialisation of prolog programs [16, 5]. Further
possible applications are outlined in [4]. The algorithm above may be used
to compute the set of needed calls. The set V will, when the sequence
stabilise be identical to this set.

4 Higher-order functions

An underlying assumption behind the previous algorithm is that we have
an equality operator for the domain D. We must be able to check whether
arguments to calls have already been evaluated and we must compare results
with previously evaluated values when checking for stability. Although this
assumption is reasonable for domains as 2 and {"a", "b", "c"} it does not
hold for higher-order functions. We will here show how fixpoint iteration
using chaotic iteration sequences may be extended to higher-order functions.

4.0.2 Language.

Let us consider a small language based on recursion equation systems. The
language allows higher-order functions. We disallow anonymous functions
(lambda abstractions); they may be removed from a program using the
technique of λ-lifting [8]. A program p consists of a number of function
definitions:

letfix f1 x1 · · ·xk = e1

and
...

...

and fn x1 · · ·xk = en in en+1
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An expression is build from parameters and function names by application
and basic operations.

xi Parameters

fi Function names

opi(e1, . . . , ek) Basic operations

e1(e2) Application

For notational simplicity we assume that all functions have the same num-
ber of arguments, mainly to avoid subscripted subscripts. An actual imple-
mentation should not make this assumption, nor should it assume that the
functions are named f1, . . . , fn, parameters x1, . . . , xk, and basic operations
op1, op2, . . ..

Programs must be strongly monomorphically typed so that each function
may be assigned a finite type of the form:

τ : D | τ → τ

where D denotes a given domain. We assume that functions respect the
types and that the functions are continuous. As for the first-order case, we
do not require D to be finite or all subexpressions to be continuous.

4.0.3 Semantics.

The semantic description of the language is based on closures. Instead of
representing a partially applied function as a function we describe it as a
closure of a function identification and a list of the provided arguments.

U = D + ({1, . . . , n} × U∗) ρ ∈ Uk

Φ = Uk → U φ ∈ Φn

Semantic functions.

Eh[[e]] : Φn → Uk → U Expression meanings

Mh[[p]] : U Program meanings
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with definitions:

Eh[[xi]]φρ = seli(ρ)

Eh[[fi]]φρ = [i, ε]

Eh[[opj(e1, . . . , ek)]]φρ = op
j
(Eh[[e1]]φρ, . . . ,Eh[[ek]]φρ)

Eh[[e1(e2)]]φρ = let [i, v1, . . . , v`] = Eh[[e1]]φρ and d = Eh[[e2]]φρ in

if ` < k − 1 then [i, v1, . . . , v`, d]

else φi(v1, . . . , v`, d2)

Mh[[letfix f1 x1 · · ·xk = e1 and · · · and fn x1 · · ·xk = en in en+1]] =

= Eh[[en+1]](fixλφ.〈Eh[[e1]]φ, . . . ,Eh[[en]]φ〉)⊥Uk

4.1 Argument needs

The directly needed calls during the evaluation of an expression may be
found as for the first-order case. We define a function

A[[e]] : Φn → Uk → P({1, . . . , n} × Uk)

as

Ah[[xi]]φρ = ∅
Ah[[fi]]φρ = ∅
Ah[[opj(e1, . . . , ek)]]φρ = Ah[[e1]]φρ ∪ · · · ∪ Ah[[ek]]φρ

Ah[[e1(e2)]]φρ = let [i, v1, . . . , v`] = Eh[[e1]]φρ and d = Eh[[e2]]φρ in

if ` < k − 1 then Ah[[e1]]φρ ∪ Ah[[e2]]φρ

else {[fi, v1, . . . , v`, d]} ∪ Ah[[e1]]φρ ∪ Ah[[e2]]φρ

As for the first-order case we may find the set of indirect needs from given
calls V 0 in the following way.

Ah[[p]]φV 0 = fix(λV.V 0 ∪
⋃

[j,ρ]∈V Ah[[ej ]]φρ)

The function Ah[[p]] is continuous in its last argument but not necessarily in
its second last argument. Notice that the ordering of U is not used in the
fixpoint in Ah (where we use a power set) whereas it is used in the fixpoint
in Mh.
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4.2 Fixpoint algorithm

Consider the program

letfix f1 x1 · · ·xk = e1

and
...

...

and fn x1 · · ·xk = en in fm(v1, . . . , vk)

with the initial call fm(v1, . . . , vk) where vi ∈ D. The set of initial call
descriptions is then

V 0 = {[m, v1, . . . , vk]}

The fixpoint algorithm for the first-order case may now directly be adapted
to higher-order functions.

given V 0

φi = λρ.⊥ for i = 1, . . . , n

repeat

S = V 0

V = ∅
for [j, ρ] ∈ S

V = V + {[j, ρ]}
S = S + Ah[[ej ]]φρ− V
φj = φj [ρ 7→ Eh[[ej ]]φρ]

end

until V and φ stable

4.3 Approximating fixpoints

If fixpoint iteration is used in program analysis we typically need to know
the result of the iteration for a set of initial needs. In first-order strictness
analysis of a program with n functions each of k arguments we need to know
the result for n ∗ k different argument sets. For such analyses it may be an
advantage to examine the arguments one at a time rather than starting the
algorithm with V 0 with n ∗ k arguments. If one of the needs required a
very large or infinite set of indirect needs (e.g. if the underlying domain has
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infinite height) it would be possible to stop the algorithm after a certain
fixed number of iterations and return a safe top element value.

The advantage with this approach is that rather than failing the whole
analysis, we only stop the analysis where the fixpoint could not be found
easily. The rest of the arguments can be analysed unchanged. This makes it
possible to decide on how one should balance the trade-off between precision
and time complexity of the analysis.

5 Example

A classic example showing the complexity of fixpoint iteration with higher-
order functions is the concat function.

fold f l v = case l of

nil⇒ v

y : ys⇒ f y (fold f ys v)

append x z = case x of

nil⇒ z

y : ys⇒ y : append ys z

concat l = fold append l nil

Assume concat has type list(list(N⊥)) → list(N⊥). In Wadler’s analysis
of lists [15, 1] the abstraction of values in list(N⊥) are represented in a
four-point domain {⊥,∞,⊥∈,>∈} and the domain list(list(N⊥)) is ab-
stracted as a six-point domain. The strictness versions of these function are
here written using values {0, 1, 2, 3} for the four-point domain and numbers
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{0, 1, 2, 3, 4, 5} for the six-point domain.

fold] f l v = if l = 0 then 0 else

if l = 1 then f 3 (fold] f 1 v) else

if l = 5 then v ∨ (f 3 (fold] f 5 v))

else (f (l − 2) (fold] f 5 v)) ∨ (f 3 (fold] f l v));

append] x z = if x = 0 then 0 else

if x = 1 then cons] 1 (append] 1 z) else

if x = 3 then z ∨ (cons] 1 (append] x z))

else (cons] 1 (append] x z)) ∨ (cons] 0 (append] 3 z)) ;

cons] x xs = if xs = 0 then 1 else if xs = 1 then 1 else (x+ 2) ∧ xs;

concat] l = fold] append] l 3 ;

To analyse the strictness of concat we should evaluate concat] 0. The needs
are

concat](0)→ 0

fold](append](), 0, 3)→ 0

and as the result is 0 the function is strict.
To evaluate the tail-strictness of concat we should evaluate concat] 1 the

needs are then

concat](1)→ 1

fold](append](), 1, 3)→ 1

append](3, 1)→ 1

cons](1, 1)→ 1

As the result is not 0 the function is not tail-strict and no further strictness
analysis is needed (the function cannot be head-and-tail strict).

6 Related works

Chaotic fixpoint iteration is often compared to minimal function graphs
in the literature. The direction of these concepts are, however, somewhat
orthogonal. A minimal function graph semantics [9] is an instrumented
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standard semantics which may be used to prove the correctness or soundness
of certain program analyses. Normally, we do not expect or require the
standard semantics to be implemented and as such it is not described as a
fixpoint algorithm.

Pending analysis [17] is a fixpoint iterations strategy which also may be
used for higher-order function. It does, however, require that the base is a
boolean domain. Frontiers [7] may also be used for higher order functions
but unlike the algorithm presented here, it will compute a global fixpoint.
For higher-order strictness analysis, this has proved itself impractical.

The lifting of the first-order fixpoint algorithm to the higher-order case
is inspired by work on constructing a minimal function graph semantics for
a strict higher-order language [10].

7 Future work

In our system we have assumed that functions need all their arguments.
In the algorithm, arguments are evaluated at the call and not depending
on whether they are needed. Notice, however, that for non-flat domains
needness does not imply strictness (consider λx.x + 1 on the domain N∞0 ).
Nevertheless, it is possible to construct expressions for which our algorithm
will fail to terminate whereas the fixpoint may be found in finite time. The
expression

letfix f(x) = 0 and g(x) = g(x+ 1) in f(g(1))

will have the value 0 but the fixpoint of g cannot be found in finite time.
It would be interesting to see how the algorithm could be changed so as to
use a call-by-need strategy. More generally one may consider whether an
optimal strategy exists which makes the fewest number of reevaluation when
computing the fixpoint.

8 Conclusion

The paper describes a fixpoint iteration algorithm which may be used to
compute parts of a fixpoint without reevaluating values which are not needed
for the result. The method may also be used to detect indirectly needed calls
in a recursion equation system. In the second part of the paper we extend
the technique to higher-order functions.
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