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Abstract

Attribute grammars may be seen as a (rather specialised) lazy or
demand-driven programming language. The “programs” in this language
take text or parse trees as input and return values of the synthesised
attributes to the root as output. From this observation we establish a
framework for abstract interpretation of attribute grammars. The frame-
work is used to construct a strictness analysis for attribute grammars.
Results of the analysis enable us to transform an attribute grammar such
that attributes are evaluated during parsing, if possible. The analysis is
proved correct by relating it to a fixpoint semantics for attribute gram-
mars. An implementation of the analysis is discussed and some extensions
to the analysis are mentioned.

1 Introduction

As pointed out by [11] there are broadly speaking two approaches to attribute
evaluation: either one restricts the class of attribute grammars and makes it
possible to use an efficient evaluation strategy or one allows any well-defined
attribute grammar but reduces the efficiency of the evaluation method. A large
part of the work in Attribute Grammars has been concentrated on defining
classes or subclasses of attribute grammars with special evaluation properties,
or constructing and analysing classification methods ([5]).

We follow a different line by analysing attribute grammars rather than clas-
sifying them. Hence, the aim is to locate those parts of an attribute grammar
for which more efficient implementation techniques are available. This approach
has mainly been pursued with a view to optimising the storage management in
attribute grammars ([14] and [3]) but it has also been used for analysing the
order of evaluation in an attribute grammar (see [9] and [21]).



In this paper we provide a semantic basis for this type of analysis based
on abstract interpretation ([4] and [16]). The framework is based on a fixpoint
semantics for attribute grammars in the style of [2] which is then changed to give
non-standard interpretations for static analysis of attribute grammars. Results
from this kind of interpretations may be used to answer certain questions about
the runtime behaviour of attribute grammars.

Attribute Grammars as a language has many similarities with lazy or demand-
driven functional languages. From a parse tree an evaluator computes values
of the synthesised attributes of the root symbol. The order of evaluation of
attribute values is determined by “demand” or dependencies rather than the
order in which they occur in the grammar. This resembles the situation for lazy
functional languages where expressions and arguments are only computed when
needed for evaluating the result of function calls.

Lazy functional languages seem very well suited for static analysis; strict-
ness analysis, one of the most successful abstract interpretations, is designed for
such languages. Much attention has been given to extending the original defi-
nition ([16]), to higher-order functions, lazy data structures, polymorphic type
systems, and to finding efficient implementations of the analysis. In this paper,
however, strictness analysis in the first-order case suffices for the application to
attribute grammars.

Strictness analysis may be used to find arguments to functions which may
be evaluated prior to the call, so as to change call-by-need to call-by-value. By
doing this one may save both time and space as one does not need to build
suspensions for expressions which may be evaluated later. Strictness analysis
for attribute grammars enable us to find attributes which may be evaluated
during parsing. By this, one may eliminate the need for symbolic expressions
for attributes or parts of the parse tree. In this way one is likely to save both
time and space during evaluation.

2 Notation and terminology

Most of the notation in this paper is standard. The semantic framework uses
fixpoint semantics based on the theory of complete partial orders and continuous
functions. Grammars are as usual context-free grammars.

We will make a few restrictions on the specification of grammars and at-
tribute grammars to simplify the semantic description. The two main restric-
tions imposed here are that all productions should have a right hand side of
a single terminal symbol or of n nonterminals for some fixed n, and that each
nonterminal has exactly two attributes: one synthesised and one inherited. Any
actual implementation of an analysis should not of course impose such restric-
tions on attribute grammars. These restrictions can in practice be made without
loss of generality. The extension to allow m inherited and synthesised attributes
(m > 1) is straightforward, as the evaluation of arguments in a fixpoint seman-



tics is done lazily. Furthermore we allow several common extensions to the
original definition of attribute grammars ([15]) as expressions may contain con-
ditionals ([7]) and the root symbol may have an inherited attribute. In this way
the analysis should be applicable to a very large class of attribute grammars.

2.1 Definitions

A context-free grammar (or grammar, for short) is a four-tuple G = (R, P, N, T)
of a root symbol R € N, a finite set of productions P = {p1,...,pk}, a finite
set of nonterminals N, and a finite set of terminals T. To each production
p € P there will be associated a left hand side symbol Ihs(p) € N and a right
hand side of either n nonterminals: rhs(p) € N™ or a terminal: rhs(p) € T. We
assume that N® N'T = @. We may further assume (without loss of generality)
that all nonterminals occurring in a production are distinct and distinct from
the nonterminal on the left hand side.

The set of parse trees Tg for a grammar G is the smallest set such that

(p,q) € Te < qeTArhs(p) =q
P, t1,...,tn) € T < t; €7g,j=1,....nA
rhs(p) = (q1,---,Qn) A
lhs(t; | 1) =q;, j=1,...,n
Notice that as parse trees we allow any tree built from productions in the gram-

mar. We may from this define the subset of parse trees with the root symbol as
the left hand side of the outermost production.

Let V be a set of values which includes numbers and boolean values. Let
¢;,J € N be names for constants ¢; € V and a;,j € N be names for m-ary

partial functions over V: a;: V™ B v.

An attribute expression (or expression, for short) is a string in the language

e — ¢;
| g5, j=1,...,n
| qo.i
| aj(er,...,em)
|

if e; then e; else e3

The meaning or semantics of expressions will be defined later.

An attribute grammar is a context-free grammar G with a list of expressions
associated with each production. For a production with n nonterminals on the
right hand side, there will be n 4+ 1 expressions, and for productions with one
terminal symbol on the right hand side there will be one expression.



2.2 Notation

An attribute grammar may be specified as a list of attributed productions of the
form

P:d0“=4d1" " "Qn {Oh-i i=ey; ...; qu.ii=ey; qp.s:= en+1}

where rhs(p) = (q1,...,qn) and lhs(p) = qo and [ey,...,en,ent1] is the list
of expressions associated with production p. For productions with a single
terminal symbol on the right hand side the form is

pP:qo =d1 {qo.s:=e}

where e is the expression associated with production p.

The purpose of the n + 1 expressions in the first form of attributed pro-
ductions is that expressions e; to e, define the inherited attributes of the n
nonterminals on the right hand side of the production, and that the expression
en+1 defines the synthesised attribute of the nonterminal on the left hand side.
In the notation for attributed productions this is indicated by “.:” for inher-
ited attributes and “.s” for synthesised attributes. This is made precise by the
fixpoint semantics below.

The attributed productions may be seen as an abstract syntax for some
other kind of notation of attribute grammars. Whether the attribute grammar
is defined in OLGA ([12]), Aladin ([13]), or as an extended attribute grammar
([23]) is not central to this work.

3 Fixpoint semantics

The meaning of an attributed production is a function which maps a parse tree
and the value of its inherited attribute to the value of its synthesised attribute.
The meaning of an attribute grammar is an environment of such maps. The
semantics follows the usual pattern for recursion equation systems (see [8] and
[22).

The description differs from [2] in that the semantics is given directly as
an interpretation of the attribute grammar rather than as rules to construct a
recursion equation system which defines the meaning. In spirit it is similar to
the recursive evaluation method for attribute grammars ([6] and [11]).

3.1 Semantic rules

In the semantics the domain of attribute values is D = V. An attributed
production is given a meaning as a function of type 7@ — D — D which
maps a parse tree and its inherited attribute to the value of its synthesised. An
attribute expression in a production may depend on the inherited attribute to
the nonterminal on the left hand side and to the synthesised attributes to the



(at most) n nonterminals on the right hand side. For this reason the semantic
function for expressions uses an environment of n + 1 attribute values.

The semantics consists of three semantic functions, one for each of the syn-
tactic categories in the language.

Syntactic categories

ag € AG :ap;---apx attribute grammar
ap € AP attributed production
e € Exp eTpressions

Semantic domains

v € D 'V, attribute values
t € Tg parse trees
p € Env :(Tg — D — D)X production environment

Semantic functions

M : AG — Env
P :AP - Env—7g—-D—D
E :Exp—D""' =D

Semantic rules

M[ap; ...apy] =
fix(Ap.(P[ap1]p, ..., P[apk]p))
Plp:qo==di - qn{qii:=ei; ...; dni:=en; qos:=eny1ffptv=

let (p,ty,...,t,) =t and
(Pjys---) =t1and --- and (p;j,,...) =ty
in Efen 1] (fixA&.(((pli1)t1) (E[e1]€), .. .. ((plin)tn) (E[en]§). V)
Plp:qo:=q1 {qos:=e}]ptv=E[e]((L,...,L,v))

Eay-s]¢ —¢lj,j=1,...,n
Elao il¢ —¢ln+1)

E[g;[¢ =G

Efa;(er,...,em]¢ = lift(a;)(E[e1]¢, ..., E[em]&)

E[if e; then e, else e3]¢ = if E[e;]¢ = true then E[e;]¢ else
if E[e,]¢ = false then E[es]¢ else L

where

lift (f) = AX. if some x; = L then | else
if f(X) undefined then | else f(X)



The semantic function P[ap] takes a production environment p € Env, a tree
t € 7q, and an inherited value v € D and returns the value of the synthesised
attribute.

The semantic function Ee] evaluates an expression from an environment of
values of the n+ 1 attributes it may depend on: the n synthesised attributes to
nonterminals on the right hand side and the inherited to left hand side.

The innermost fixpoint iteration is not as unpleasant as it may look: it is
over the domain D®+! which with D as a flat cpo will have a finite height of
n + 2. The fixpoint can be found using a lazily evaluated letrec-expression.

By allowing conditional expressions in attribute expressions one may have
attribute grammars with circular dependency graphs but where no attributes in
practice are circularly defined. If an attribute is circularly defined the semantics
will give the value L. The bottom element L is used both for runtime errors
and for circularly defined attributes.

4 Strictness analysis

Strictness analysis ([17]) was developed as a method to detect when call-by-
value could be used instead of call-by-need in lazy functional languages. In this
section we will recall the central definitions in strictness analysis and show how
they may be applied to attribute grammars.

4.1 Strictness of functions
Let f be a function of type D™ — D. If the function satisfies
v e D" f(v1,...,Vj_1,L,Vjt1,...,Vn) = L

for some j then we know that at calls of f, the j*! argument may be evaluated
prior to calling f. This is because nontermination of the argument would have
resulted in nontermination of f anyway and we may therefore use call-by-value
instead of call-by-need in function calls. We then say that f is strict in its j*®
argument.

Strictness, however, is not a decidable property but by analysis we may find
a sufficient condition for strictness. In this analysis we represent values in D in
a two-point domain 2 of the values 0 and 1

2=1{0,1}, 0C1

where L in D is represented by 0 and all other values are represented by 1.
a; :D—2 ai(d) =ifd = 1 then 0 else 1

We may now construct a function f# with the property

Vv € Dnal(f(V)) C fﬂ(al (Vl)v oo 7(11(Vn))



This is always possible as the constant function 1 is a candidate but better
alternatives may be constructed with a little bit of ingenuity. If this function
has the property that f#(1,...,1,0,1,...,1) = 0 where all arguments are 1
except at the j* place then f is strict in its j** argument. We may say that
for ff a value of 1 means possibly defined while a value of 0 means definitely
undefined.

The function ff gives an upper bound to the termination properties of f.
In a similar fashion we may give a lower bound with a function f* with the
property

W € Dy (£(¥)) 2 £ (a1 (v1), ..., a1 (V)

For this function a value of 1 means definitely defined while a value of 0 means
possibly undefined. The function f°, however, is not quite as important when
analysing functional programs.

4.2 Abstract domains

Below we define an interpretation for attribute grammars which evaluates the
strictness properties of attribute expressions. As for functional programs it is
based on abstractions of the values in the usual fixpoint semantics. We will
use three abstraction functions, one for each of the arguments to the semantic
function P.

Attribute values are abstracted as the values 0 or 1 in the two-point domain
2 using the abstraction function «; defined above.

Parse trees my be abstracted as productions where a production denotes the
set of parse trees with the given production in the root node. When necessary
productions may be abstracted as nonterminals where a nonterminal denotes the
set of production with the nonterminal on the right hand side. The abstraction
function for parse trees is:

(XQ:TG_>P Oég(t):tll

Production environments of type (7g — D — D)X can be abstracted in two
ways to abstract environments Env’ = (P — 2 — 2)K. The first will give an
upper bound to the strictness properties of an environment and the other will
give a lower bound.

ag : Env — Env’ ag(p) <ai(p 11),... ag(p 1 k))

ak(f) = ApAv,| [{aa (Ftd)|as(t) = p, ai(d) = v}
ay :Env—Env'  aj(p) = (aj(p L 1),...,a5(p | k)

a4 (£) = ApAv,[{au (ftd)|as(t) = p, a1(d) = v}

The abstraction functions o and a3 are defined as the usual lifting of abstrac-
tion functions to function domains.

Vp : a4(p) C of(p)



We will also need an abstraction function for attribute value environments:

as (DML 2" ag(€) = (€1 1),. ., (6 L (n+ 1))

Using these abstraction functions we may define two new semantic functions P*
and P” which satisfy the following properties:

Vp, t,v : P*lap]ak(p) az(t) a1 (v) 2 au(Plap]ptv)
Vp,t,v : P’[apaj(p) as(t) a1(v) C a1 (Pap]ptv)

It is now possible to define the various semantic functions and establish their
relationship with the standard semantics.

4.3 Analysis

We will here only define the semantic function M’ (with P’ and E”). The
semantic function M follows a similar pattern.
M’[ap: ... apa] =
fix(\p. (P [api [, ., P’ [apicl )

Plp:aos=ai an{ari=ey; ...; qn.i:=en; qo.s:=eni1}]pp v=
E’ [enc1](FXAE([T{p | £(pe) (E’[er]€)|C : Ihs(pe) = rhs(p) | 1},. ..,
[ L €(pe) (E’[en])|¢ : Ihs(pe) = rhs(p) | n},v))
PIp:qo:=qi {qos:=e}pp v=FE[e](L,...,L,v)

Eb[qj.s]]ﬁ =¢lJ

E’[qo i< =&l +1)

E’[g;]¢ =1

Eb[gj (e1,...,em]é = min(E’[e1]¢, . .., E’ [em]$)
Eb[[if e; then e, else e;]¢ = min(Eb le1]¢, Eb[[eg]]g, Eb[[eg]]f)

4.4 Correctness

As correctness proof for this analysis we will prove that for any attribute gram-
mar ag the following condition holds.

M’[ag] C o} (M[ag])

There are two levels of fixpoint induction involved in the proof since the seman-
tics contains two nested fixpoints.



Correctness for the inner level is obtained automatically as the interpretation
of the basic operations can be induced using the abstraction function a;:

6 E’[elas (€) C o (E[e]¢)

In the next level we will prove that:
¥p, t,v.P’[ap]aj(p) as(t) a1 (v) C a1(Plap]ptv)

This requires fixpoint induction. The proof requires the following relationship.
Vo, 6,63 THa5(((0) L £)pe) (B’ [eglas (€)1 = ths(pe) = rhs(p) |}

C a1(((p | 1) t5)(E[e;]€))
where  (p,t1,...,ty) =t and (pj,...) = t;

For a start we notice that
rhs(p) | j = Ihs(t; | 1) = Ihs(py)
This means that
[Ke5(((p) L £)pe) (E’[es]as (€)1 : Ihs(pe) = rhs(p) | j}
C a3(((p) Lij )py,) (E’[eslas(€))

[Hea((p | i)t d)|az(t’) = py;, ai(d) = E’[ej]as(€)}
C a1(((p 1 1) t5)(E[e;]€))

Both levels of fixpoint induction follow now directly.

=

4.5 Using the analysis

Strictness analysis for attribute grammars can give two kinds of information. It

can identify those productions where the inherited attribute is definitely needed

to evaluate the synthesised attribute, and it can find the productions where the

synthesised attribute can be evaluated without using the inherited attribute.
This may be expressed using the semantic functions as

(M*[ag] | j)p;0 =0

which states that the inherited attribute is needed to evaluate the synthesised
in the j** production; and

(M’[ag] | j)p;0 = 1

which says that the inherited attribute is not used for evaluating the synthesised
in the j*" production.



An attributed production in a grammar may not satisfy either of these prop-
erties as the inherited attribute may be needed for some input but not used for
other input. As an example consider

A — “a?’B“q” {As:=3+Bs

Bi:=Ai+2}
B — “b” {Bs:=B.i+1}
B “c” {B.s:= 0}

where the inherited attribute to A is needed for the string “abd” but not used
for the string “acd”.

5 Evaluation order

From the strictness analysis we may derive other interpretations which analyse
the order of evaluation in an attribute grammar. One example of this type
of analysis is given below. It will enable us to determine when attributes can
be evaluated during left-to-right parsing and it is obtained from the strictness
analysis by ensuring that expressions defining inherited attributes may not use
the values of the synthesised attribute to the right in a production.

M®[ap; ...apn] =
fix(Ap.(P"[ap1]p, ..., P"[api]p))

P’lp:qou=dqi - an {qii:=ei; ...; dni=en; qos:=ens1}fpp v=
E” [ent1](FixAE([HKp | £ (pe) (E”[e1]stripi(€))]¢ : ths(ps) = rhs(p) | 1},. ..,
[ | £(pe) (E” [en]stripn(£))|¢ : Ihs(pe) = rhs(p) | n},v))

P°[p:qo:=qi {qos:=e}]pp v=FET[e]((L,...,L,Vv))

E*[e]¢ = E’[e]¢
where
strip;((vi, ..., Vn, Vat1) = (v1,...,vjo1, L, ..., L, vinyr)

The soundness of this analysis follows directly from the strictness analysis due
to the monotonicity of the semantic functions:

M” [ag] C M’[ag]

10



5.1 Using the analysis

Using the result of this analysis we may identify the productions where the syn-
thesised attribute may be evaluated during LR~parsing if the inherited attribute
is evaluated.

In the semantics this may be expressed as the condition

(M”[ag] | j)p;1 =1

which says that in the j** production the synthesised attribute may be evaluated
if the inherited is defined.

5.2 Comparison

Our analysis may be seen as an extension to the concept of an L-attribute
grammar ([1]). Whether it is possible to insert semantic actions into productions
and preserve LR(1) (or LALR(1)) properties is not expressed by this analysis.
That has been addressed by [18] where they find safe positions in productions
for such actions to be inserted.

The analysis in [9] examines the structure of the LR-parse table and the
attribute grammar and it can be used to find a list of attributes which can be
evaluated (known) during LR-parsing. If this list contains all attributes one
may conclude that it is an L-attribute grammar.

The life time analysis in [14] can be used to identify attributes which can be
stored in a global variable or using a stack. The analysis is applicable to ordered
attribute grammars and is based on transformations of the visit-sequences for
the attribute grammar.

In both [9] and [14] the analysis will associate properties with each attribute
in the grammar. Our analysis may give a finer grained information in that it
examines the attributes in each production. It may be possible to evaluate an
attribute during parsing in one production but not in other productions.

5.3 Example

A number of questions about the computational behaviour of an attribute gram-
mar can be expressed using these interpretations.

In the attribute grammar below we will allow two synthesised attributes and
two inherited attributes to the nonterminal Y.

S—-Y {Ya:=1
Y.c:=f(Y.b)
Sx:=Y.d}

Y — “x"Y, {Y1.b:=1£(Y:.a,Y.b)

Y2.a = fg(Yl.a)
YQ.C = f4(Y1.C,Y2.b)

11



Yl.d = f5(Y2.d,Y1.C)}
Y — “z” {Y.b:=1£(Y.a)
Y.d:=3}

In this example the attribute Y;.b can be evaluated during LR-parsing in
the second production and the attributes Y.b and Y.d can be evaluated during
LR-parsing in the third production. This is under the assumption that the
inherited attribute a to Y can be evaluated during parsing. Using the semantic
function M” this may be expressed as

(M[.] 1 2)(Y1 — “x”Y2)(1,0) = (1,0)
and

(M[.] 1 3)(Y — “27)(1,0) = (1,1)

5.4 Implementation

The strictness and evaluation order analyses have been implemented in a demon-
strator system. The system uses a DAG-based strategy for attribute evaluation
and the analyses can decrease the size of the DAG by allowing evaluation of
some attribute values during parsing.

6 Further work

The analyses described here can be extended in several ways. It is not possible
in this framework to give a satisfactory analysis of storage management in at-
tribute grammars. Doing that using abstract interpretation is likely to require
an instrumented standard semantics. Such extensions are frequently seen in
analysis of functional and logic programming languages.

The treatment of inherited and synthesised attributes in this framework
is somewhat asymmetrical. A better analysis of inherited attributes may be
obtained if the semantics is based on a minimal function graph framework ([10]).
This, however, is not easy as that technique was developed for an eager language
and attribute evaluation uses laziness. The extension of the minimal function
graph framework to a first-order lazy functional language is considered by [20].

Resent work in strictness analysis have examined extensions of the analysis
to languages with higher-order functions and lazy data structures. Whether
such results may be applicable to attribute grammars seems to be an open
question. Attribute values are normally considered to be simple values in sets
but the extension to allow higher-order functions and lazy data structures as
attribute values is semantically well understood.

12



7 Conclusion

In this paper we have presented a framework for semantically based analysis of
attribute grammars. The framework is used to define a strictness analysis for
attribute grammars which is proved correct with respect to a standard fixpoint
semantics. The analysis has been implemented as part of an attribute evaluation
system.

The framework may be the basis for a number of analyses of attribute gram-
mars. Attributes that may be evaluated during LR-parsing may be identified
by an evaluation-order analysis for attributes.

Perhaps the most surprising result of this work is that Attribute Grammars
as a language is well suited to semantic-based program analysis. It is a clean
and relatively simple language with a tractable fixpoint semantics. Further-
more, “programs” in Attribute Grammars are typically run frequently enough
for nearly any type of program optimisation to be profitable.

Acknowledgements. Thanks to Alan Mycroft, Gordon Gran, Helen Hansen,
Troy Ferguson and the anonymous referees for comments on drafts of this paper.
This work was partly supported by the Danish SNF Dart grant.
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